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Cache-oblivious algorithms

» Cache-awareness
» Algoritmus je vyladén pro konkrétni parametry cache
» Prakticky obtizné proveditelné - parametru je pfiliSs mnoho

» Cache-obliviousnhess

» Vime, Ze cache existuje, ale nezname jeji parametry

» Cache-oblivious algorithms
» Pohled na slozitost algoritmu zohlednujici existenci cache
» Algoritmy funguijici z tohoto pohledu dobre
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Cache-oblivious algorithms (zjednoduseny pohled)

» Cache-oblivious algorithms [1999]

» Pohled na slozitost algoritm zohlednujici existenci cache
= Pocitdme pristupy k hlavni paméti (cache misses)
= Slozitost je funkci velikosti vstupu (n) a velikosti cache (C)
» Zjednoduseno (parametrem byva i velikost cache line)
= Zkouma se obvykle asymptotické chovani (vzhledem k n)
« O(f(n,C))
= Pocet vypadku je shora omezen ¢asovou sloZitosti O(t(n))
» Lze popsat relativné vici ¢asové sloZitosti (pokud mame jeji oboustranny odhad)
- O(f(n,C)) = O(t(n)*g(n,C))
= g(n,C) rika, jak ¢asto algoritmus generuje cache miss
= V. mnoha pripadech pro velka n nezavisi na n, tj. O(g(n,C)) = O(g(C))
» U dobrych algoritmi g(C) klesa k nule pro velka C
» Priklad: Nasobeni matic (n*n)
= Ucebnicovy algoritmus (i-j-k iterace)
» Pro n?>C kazdy pristup (k pravému operandu) generuje cache miss
» Slozitost O(n3) - nezavisina C; g(C) =1
= Cache-oblivious algoritmus (rekurzivni déleni)
= O(CY2*n3) tj. g(C) = C1/2
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Cache-oblivious algorithms

» Cache-oblivious algorithms

» Definice predpoklada pouze 1 uroven cache
= Cilem je vSak dobré chovani pro vSechna C (z "rozumného" intervalu)

= Dobré chovani pro cache jakékoliv velikosti implikuje dobré chovani pro vice drovni

Fakticky zbytecné optimalizujeme i pro ty velikosti cache, které v daném systému nejsou
» Ktery algoritmus je lepsi?
» Minimalizujeme g(C) pro vSechna C (nikoliv asymptotické chovani)

= To neni jednoznacné zadani, ale porovnani obvyklych g jednoznacné byva
(napf. CY2 < 1 pro cache-oblivious vs. textbook matrix multiplication)
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Cache-oblivious algorithms

» Redlné dusledky cache-oblivious slozitosti
= Konkrétni hardware ma nékolik urovni cache velikosti {C.}
s latenci {L;} a propustnosti {P.}
= ZdrZeni vypoctu kvili latenci Ize odhadnout jako

L(n) = t(n)*(Z g(n,C;)*L;)
= Pesimisticky odhad predpokladajici, Ze v dobé vypadku cache vse ostatni stoji
=V redlnych pfipadech nemusi urcité mnozstvi vypadk( zdrZovat vibec
= Propustnost pamétové hierarchie pro dany algoritmus:
T(n) = t(n)*(max g(n,C;)/P;)

= P, udava zvladnutelny pocet vypadki cache i-té urovné za jednotku casu
= t(n)*g(n,C) je celkovy pocet vypadki cache i-té urovné
= t(n)*g(n,C)/P, je Cas potfebny pro obslouZeni tohoto poctu vypadki
= T(n) je dolni odhad ¢asu potfebného k provedeni algoritmu
» Propustnost pamétové hierarchie hraje roli, pokud T(n) > t(n), tedy
max g(n,C;)/P; > 1
= Nerovnost ma smysl pouze tehdy, pokud t(n) je uddvano ve skutecnych casovych jednotkach,

ne pouze asymptoticky
= | vasymptotickém pripadé to vSak dava voditko, ktera uroven cache rozhoduje
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Realné hodnoty - Intel Broadwell (Xeon E5-4655 v4)

size per latency total throughput
thread [KB] [cycles] throughput | per thread
(lines per (lines per
cycle) cycle)
L1 256 16 L2-to-L1 12 8 0.5
L2 2048 128 L3-to-L2 ~22 1 0.125
L3 30720 1920 DRAM-to-L3 ~70 0.48 0.03
» 8 cores, 16 threads, 2.5 GHz !
» L1:32KB per core 5 e
» L2: 256KB per core g o1 °
» L3: 30MB shared E °
» DRAM: 9.6 GT/s =76.8 GB/s =1.2 G lines/s 0,01
» Throughput P vs. size C oo
» roughly proportional to C1/2 o throughout —sner(1/2)

» cf. cache-oblivious matrix multiplication
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Cache-oblivious algorithms

» Stale vétSinou jde o asymptoticky pohled vzhledem k n
= Zanedbavame multiplikativni konstanty, nefeSime rozdil ¢teni/zapis
= Pro realné problémy mize byt vyhodnéjsi asymptoticky horsi algoritmus
= Prace s paméti nemusi byt kritické misto algoritmu
= Zanedbané konstanty Casto vyrazné zkresluji chovani pro mala C

= Jadro algoritmu byva vhodnéjsi implementovat s pfibliZznou znalosti chovani L1 cache
= Prekladac obvykle neumi sam vyuzit registry jako LO cache

» Jako inspirace se vzdy vyplati
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Simple mathematical model of cache behavior

NPRGO54 High Performance Software Development- 2020/2021 David Bednarek 8



Mathematical model of cache behavior

» Simple mathematical model
» Input:

= A run of a (single-threaded) procedure with particular data
= Often, a generalization to any run with similarly-sized data is valid
= C=Cachesize
» Output: The total number of cache misses during the run

= Estimation of the required main-memory throughput
= Does not estimate latency effects

= A statistic over the total run time — cannot identify bottlenecks

= Start/stop effects: Assume the procedure runs in an infinite loop
= The initial set of addresses present in the cache equals to the final set

» Assumptions
= All memory accesses of the same size
= Cache line size is equal to the access size (i.e., spatial locality has no effect)
= Fully associative cache

= Perfect LRU replacement strategy

» Many statistical details are ignored, the results are only approximate
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Mathematical model of cache behavior

» Notation:
» m(ty,t,) =the number of different addresses accessed inside (t4,t,)
= Time points t;, t; measured in arbitrary units; only one memory access at a time
= Note: m satisfies triangle inequality — it is a distance measure on the time axis

» Perfect LRU replacement strategy
» The entry with the oldest last-usage timestamp is evicted

» Equivalent formulation:
» If tq,t, are adjacent accesses to the same address a...
= i.e. thereis no access to a inside (t4, t;)
» ...then there is a cache miss at t,, iff m(t{,t,) = C

» Proof:

= Inany momentt € (tq,t,):
= The cache entries accessed inside (t;,t) are younger than a
= The entries for all the other addresses are older than a
= a will be evicted atatime t € (tq, t,) such that
there is an access at time t to an address not accessed inside (¢4, t)
1+ m(ty,t) = C, i.e. the cache contains exactly a and the addresses accessed inside (t;,t)

= If m(ty,t,) < C then there is no such eviction of a
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Mathematical model of cache behavior

» Notation:
» A =the set of addresses accessed by the procedure
» T =the running time of the procedure
» m(w) =the average value of m(t,t + w) acrossallt € [0,T)

i.e., how many addresses are accessed during a time window of size w

well-defined due to the assumed infinite cycle over the measured procedure

m(w) is non-decreasing and concave
forw =T, m(w) = |A|

» The m(w) function is a mathematical measure of temporal locality

» Lower values indicate better temporal locality
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Example
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» The m(w) function for 8*8*8 matrix multiplication

>
4

v

v v

T=8%x8x8=512;|A| =3+*8%8 =192

Equidistant: every address accessed every 64 iterations

= Not really exists as a matrix-multiplication algorithm

= Equidistant is always the worst algorithm wrt. cache

Random: iterations randomly permuted

= Expectably worse than all the algorithms in use

Naive: three nested loops

Recursive: decomposed via 8 4*4*4 into 64 2*2*2 multiplications
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Frequency of cache misses
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» Frequency of cache misses
» X(C) =22 m(0))

ow
» Example 8*8*8 matrix multiplication

= For a L1 cache of size 32 (matrix elements), the recursive algorithm is better

= For a L2 cache of size 96, the naive algorithm is better

= The derivative is important, not the time-axis position
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Frequency of cache misses
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» Two approaches to cache-miss optimization

» Cache-aware

= Make a turn in m(w) every time it approaches a cache-level size

= The new derivative will be kept until approaching the next level
= Manipulating m(w) while keeping the algorithm working may be hard or impossible
» Cache-oblivious
= Keep the m(w) curve smoothly turning throughout the whole domain
= For recursive algorithms, the curve is often almost independent of T and |A|
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Frequency of cache misses
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» So far, we assumed algorithm execution for particular input data

» If we run the algorithm with different data of the same size

= For many problems, m(w) depends only on the size of data
Matrix multiplication and other numerical problems

= In general, m(w) may significantly vary depending on the data
E.g., search algorithms depend on statistical distribution of keys
» If we run the algorithm with significantly different data size |A|
= The m(w) curve always converges to |A|
= For recursive algorithms, the curve beginnings for different |A| will be similar
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Cache-oblivious algorithms

» Rozdél a panuj
» Problém P, se déli na podproblémy P, a P,
» Cas: T,=T,+T,
- Obvykle pouzivané déleni: T, =T, = T?

> PouZité adresy: Ay = A; U A4, ; |4ol < A4l + 14,
= Pocet riznych adres pouZitych v daném ¢asovém intervalu
- m(0,Ty) = |A,]
- m(T,T,+T, = |A,]
= Neni ale jasné, kolik adres pouZiji Casové useky zasahujici do obou podproblém?

» Typicky to bude vice nez uvnitf jednoho z podproblémd

. m(ﬂ) > |A1|+|A2| — |AO|+|AlﬂA2|
2) = 2 2

. . L T
= Cil optimalizace: Minimalizovat m (;0)

= Navod: Minimalizovat 4, N 4,
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Nasobeni matic - rozdéel a panuj

» C=A * B, velikosti A[i,k], B[k,j], C[i,j]
» Celkova adresovand pamét: m(i-k-j)=i-k+j-k+i-j
» i-split - déleni problému v dimenzi i
» =0ty jo=J1=Ja ko= ki =k,
» Matice A a C se déli napul - podproblémy jsou na nich disjunktni
» Matice B se nedéli - oba podproblémy ji pouzivaji celou: |[A; N A4,| =k, - j,

» j-split a k-split - dalsi moznosti déleni
» Voli se déleni produkujici nejmensi |A; N A4,|
» Tomu odpovida split podél nejvétsiho rozmeéru
» Pokud iy = j,; iy = koai1=%
= m(iy - ko Jjo) :%J‘o +]o°ko+%']0 ng(lo'ko'fo)
1 2
- m(3T) < 2m(T)

» Pro Ctvercové matice trojice i,j,k-split vede k vysledku

- m(31)=imer
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Nasobeni matic - rozdéel a panuj

» C=A * B, velikosti Ali,k], B[k,j], Cli,j]
» Celkova adresovand pamét: m(i-k-j)=i-k+j-k+1i-j
» Pro Ctvercové matice trojice i,j,k-split vede k vysledku

1 1
- m(5T) =m(T)
2
= m(w) =q-ws prokonstantu g~3

_ _C;
- w0 = ©)

om 2 _
- —Ww)=zq-w

’ o am -1 2 E _1
= frekvence vypadkl g(C) = %(m (0)) = $q% C >
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Cache-oblivious algorithms — vliv blok

» Zjednodusena slozitost uvazuje pouze velikost cache C
» Vysledek nezavisi na zpusobu ulozeni dat v paméti

» Uplnd cache-aware sloZitost uvazuje i velikost bloku B

= Blokem je radka cache pripadné stranka vzhledem k TLB

= Velikost C se udava v blocich
» f(C,B)
» Pocitaji se presuny blokl mezi cache a hlavni paméti

= Lepsi pamétova struktura jich spotfebuje méné
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Cache-oblivious algorithms — vliv blok

» Priklad: Nasobeni matic (n*n)

» Ucebnicovy algoritmus (i-j-k iterace), ulozeni po radcich

Pro n>C kazdy pristup (k pravému operandu) generuje cache miss
f(C,B) = O(n3) - nezavisina C; g(C) = 1
Pri ulozeni po sloupcich zdrzuje pristup k levému operandu

PFi uloZeni po Ctvercich BY2 * B2 se slozitost zlepsi na O(B¥/2* n3)

» Cache-oblivious algoritmus (rekurzivni déleni, rekurzivni ulozeni)
- O(c-l/z *B—l*n3) tj. g(c) — C—1/2>|< B—l

= Typické hodnoty konstant (neresime spole¢nou multiplikativni konstantu)

8 registrll, double: C=8,B =1, g(C) =1/2.8, jednotkova cena 1/3 cyklu CPU

8 SSE registrt, double: C=16,B=2, g(C)=1/8

32KB L1 cache, double: C=4K, B =8, g(C) =1/512, jednotkova cena 1 cyklus CPU

64-entry TLB, double: C=64, B=512, g(C) = 1/4K

8MB L3 cache, double: C=1M, B =8, g(C) = 1/8K, jednotkova cena 8 cyklt CPU

8 GB RAM, 64 KB blok, double: C = 1G, B = 8K, g(C) = 1/256M, jednotka 300K cykld (SSD)
512 GB SSD, 64 KB blok, double: C = 64G, B = 8K, g(C) = 1/4G, jednotka cca 2M cykli (HDD)
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Nejvyznamnejsi cache-oblivious algoritmy

» Nasobeni Ctvercovych matic
2 3
> 0(1+%+ —

B+\C
» Strassen: n'os2(7)

» Transpozice matice

mn
» O(1+ ?)
» FFT
n log(n)
» O(1+ = (1+ log(C)))

» Funnelsort

n log(n)
» 0(1 + = (1+ log(C)))

» Binarni vyhledavaci stromy (van Emde Boas)

log(n)
0(log(B)) proC &n
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Nejvyznamnejsi cache-oblivious algoritmy

» Binarni vyhledavaci stromy

» Implementace s ukazateli
= Obvykle ndhodné rozmisténi v paméti
= Cteni ukazatel(i obvykle nevyvolava dali vypadky diky prostorové lokalité jednoho uzlu

= Pfi opakovaném vyhleddvani je prvnich log(C) pater stromu pfitomno v cache
= Pocet cache miss: O (log(n) — log(C))
» Serializace stromu do pole

= Koren uprostred — binarni vyhledavani v setfidéném poli
= Prostorova lokalita v log(B) poslednich patrech stromu usetfi
- 0(log(n) —log(C) — log(B))

= Koren vlevo — viz heapsort
= Prostorova lokalita v prvnich patrech stromu zlepsuje efektivitu cache
- 0(log(n) —1og(CB)) = 0(log(n) — log(C) — log(B))

= van Emde Boas (1975) — rekurzivni déleni napul vzhledem k vysce stromu
- Pavodni Géel struktury: Casova sloZitost search/insert/delete O(log m) pro m-bitové klice

= Strom o n uzlech se realizuje jako strom o Vvn 4+ 1 — 1 uzlech, na jeho? listy bude navdzano
vn + 1 dalSich stroml po vn + 1 — 1 uzlech

» Rekurze odpovida obecnému vzoru "délte ¢as napul"

log(n)—log(C))
log(B)

= Pocet cache miss: O(
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Cache-oblivious algoritmy

» Otazky spojené s cache-oblivious algoritmy
» Ignorujeme strategii vymeény cache
= Nevadi: LRU se nechova hire nez idealni cache polovic¢ni velikosti
» Ignorujeme vicevrstevnost cache hierarchie
= Nevadi, pro inkluzivni cache se kazda vrstva chova stejné, jako by byla samostatna
» Ignorujeme nedokonalou asociativitu cache

= Teoreticky: Nahrada cache hashovaci tabulkou s dobrou hashovaci funkci slozitost
nezhorsi

= Prakticky: Nedokonalost hashovaci funkce vadi

Casto jde o trivialni funkce vyfezavajici bity z adresy
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